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Quantum coherence plays a central role in various research areas. The l1-norm of coherence is
one of the most important coherence measures that are easily computable, but it is not easy to find
a simple interpretation. We show that the l1-norm of coherence is uniquely characterized by a few
simple axioms, which demonstrates in a precise sense that it is the analog of negativity in entangle-
ment theory and sum negativity in the resource theory of magic-state quantum computation. We
also provide an operational interpretation of the l1-norm of coherence as the maximum entangle-
ment, measured by the negativity, produced by incoherent operations acting on the system and an
incoherent ancilla. To achieve this goal, we clarify the relation between the l1-norm of coherence
and negativity for all bipartite states, which leads to an interesting generalization of maximally
correlated states. Surprisingly, all entangled states thus obtained are distillable. Moreover, their
entanglement cost and distillable entanglement can be computed explicitly for a qubit-qudit system.
I. INTRODUCTION
Quantum coherence underlies most nonclassical phe-
nomena characteristic of quantum physics, such as en-
tanglement, steering, and Bell nonlocality. It is also a
key resource for demonstrating quantum advantages in
various information processing tasks, such as quantum
metrology, quantum cryptography, and quantum compu-
tation. Recently, coherence has attracted unprecedented
attention fueled by the resource theoretic formulation
proposed in Refs. [1, 2] and further developed in Ref. [3]
among many other works; see Ref. [4] for a review.
Although many coherence measures have been pro-
posed, the l1-norm of coherence stands out as one of
the most important measures that are easily computable
[2, 4, 5]. It is useful in studying speedup in quantum com-
putation, such as in the Deutsch-Jozsa algorithm [6, 7]
and Grover algorithm [8–10]. It features prominently in
alternative formulations of uncertainty relations, comple-
mentarity relations [5, 11–13], and wave-particle duality
in multipath interferometers [5, 14–19]. It plays a crucial
role in quantifying the cohering and decohering powers
of quantum operations [20–22]. In addition, the l1-norm
of coherence sets an upper bound for another important
coherence measure, the robustness of coherence [23, 24].
Despite its prominent role in the resource theory of
quantum coherence, the l1-norm of coherence has defied
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many attempts to find its simple interpretation. Re-
cently, Rana et al. [25, 26] proved that the logarithmic
l1-norm of coherence is an upper bound for the relative
entropy of coherence, which is equal to the distillable co-
herence [3], and thereby argued that this measure is the
analog of the logarithmic negativity in entanglement the-
ory [27–30]. While their observation is quite suggestive,
their argument is not so satisfactory, given that there are
many different upper bounds for the relative entropy of
coherence. It should be pointed out that the logarith-
mic negativity is essentially the only useful entanglement
measure that is easily computable for all states. It sets an
upper bound for the distillable entanglement [27, 30] and
a lower bound for the asymptotic exact entanglement cost
under positive-partial-transpose (PPT) operations [28].
In this paper we corroborate the significance of the
l1-norm of coherence by two complementary approaches.
First, we propose several simple axioms to single out this
measure among all competitors. This approach is in-
spired by a similar characterization of the sum negativity
in the resource theory of magic-state quantum computa-
tion [31–35]. The roles of negativity in quantum com-
putation and foundational studies are a focus of ongoing
research [36–44]. Our study demonstrates, in a precise
sense, that the l1-norm of coherence is the analog of the
negativity in entanglement theory and the sum negativity
in the resource theory of magic-state quantum computa-
tion, as illustrated in Fig. 1. This analogy is indicative
of the deep connections among the three prominent re-
source theories.
Next, we provide an operational interpretation of the
l1-norm of coherence as the maximum entanglement,
2measured by the negativity, created by incoherent op-
erations acting on the system and an incoherent ancilla.
To this end, we show that the l1-norm of coherence is an
upper bound for the negativity and determine all states
that saturate this bound, which lead to an interesting
generalization of maximally correlated states [45]. The
asymptotic exact PPT entanglement cost of these states
is equal to the logarithmic negativity. Moreover, such
states are distillable whenever they are entangled, and
their entanglement cost and distillable entanglement can
be computed explicitly for a qubit-qudit system.
II. PRELIMINARIES
Both entanglement theory and coherence theory are
special examples of resource theories [3, 4, 46–48], which
provide a unified framework for studying resource quan-
tification and manipulations under restricted operations
that are deemed free. In the case of entanglement, we
are restricted to local operations and classical communi-
cation (LOCC), so only separable states can be prepared
for free. In the case of coherence, we are restricted to
incoherent operations, so only incoherent states are free.
Recall that a state is incoherent if it is diagonal in the
reference basis. A quantum operation with Kraus repre-
sentation {Kj} is incoherent if each Kraus operator Kj
is incoherent in the sense that it maps every incoher-
ent state to an incoherent state [2–4]. The operation is
strictly incoherent if in addition eachK†j is incoherent [3].
For example, a unitary is incoherent if it is monomial,
that is, if each column (row) has only one nonzero entry,
in which case the unitary is also strictly incoherent.
Resource monotones are an essential ingredient of any
resource theory. A weak monotone does not increase un-
der nonselective free operations, while a (strong) mono-
tone in addition does not increase on average under se-
lective free operations. Convexity is desirable but not
necessary; it is not assumed in this paper. A resource
measure is a monotone that is nonnegative and usually
vanishes on free states. Although many entanglement
measures have been proposed, the negativity is distin-
guished because of its simplicity and versatility [27–30].
The l1-norm of coherence in coherence theory [2, 26] and
the sum negativity in the resource theory of magic-state
quantum computation [34] are distinguished for the same
reason. All three measures have logarithmic versions,
which are additive and satisfy all basic requirements of
resource measures, although they are not convex.
Consider a finite-dimensional Hilbert space H with a
reference orthonormal basis {|j〉}; the l1-norm of coher-
ence [2] of a state ρ =
∑
jk ρjk|j〉〈k| on H reads
Cl1(ρ) :=
∑
j 6=k
|ρjk| =
∑
jk
|ρjk| − 1. (1)
It is one of the most important coherence measures that
are easily computable [4, 5, 7, 9–26, 49, 50]. In addition,
it sets a tight upper bound for another important coher-
ence measure, namely, the robustness of coherence CR
[23, 24]. The two measures Cl1 and CR coincide on pure
states and thus share the same convex roof. The loga-
rithmic l1-norm of coherence CL(ρ) := log(1 + Cl1(ρ))
is additive: CL(ρ ⊗ σ) = CL(ρ) + CL(σ) for arbitrary
states ρ, σ. In this paper log has base 2. It is a universal
upper bound for two families of Rényi relative entropies
of coherence [51], including the relative entropy of co-
herence Cr(ρ) and logarithmic robustness of coherence
CRL(ρ) := log(1 + CR(ρ)) [26].
Next, consider a bipartite system shared between Al-
ice (A) and Bob (B); we assume that the reference basis
is the tensor product of respective reference bases. The
coherence measures mentioned above are defined in the
same way as before. Now the l1-norm of coherence up-
per bounds not only the robustness of coherence CR but
also the robustness of entanglement ER [30, 51]. Mean-
while, the logarithmic l1-norm of coherence upper bounds
the relative entropy of coherence Cr and logarithmic ro-
bustness of coherence CRL as well as the corresponding
entanglement measures Er and ERL .
Here we are interested in another useful entanglement
measure that has no obvious analog in coherence theory.
The negativity of ρ [27, 29, 30] is defined as
N (ρ) := tr |ρTA | − 1 = ‖ρTA‖1 − 1, (2)
where ρTA denotes the partial transpose of ρ with respect
to subsystem A, and ‖ · ‖1 is the Schatten 1-norm (or
trace norm). Note that the definition in some literature
differs by a factor of 2. For a pure state ρ = |ψ〉〈ψ| with
|ψ〉 =∑j√λj |jj〉 and ∑j λj = 1, the negativity reads
N (ρ) = Cl1(ρ) =
∑
j 6=k
√
λjλk =
(∑
j
√
λj
)2
− 1, (3)
which is equal to the robustness of entanglement, so the
two measures share the same convex roof. The logarith-
mic negativity NL(ρ) := log(1 + N (ρ)) sets an upper
bound for the distillable entanglement [27, 29, 30] and a
lower bound for the asymptotic exact entanglement cost
under PPT operations. Moreover, the latter bound is
tight when |ρTA |TA ≥ 0 [28].
III. AXIOMATIC CONNECTION BETWEEN
THE l1-NORM OF COHERENCE AND
NEGATIVITY
Now we are ready to reveal the axiomatic connections
between the l1-norm of coherence and negativity as well
as sum negativity; see Fig. 1.
Theorem 1 (Uniqueness of the l1-norm of coherence).
Suppose C(ρ) is a continuous weak coherence monotone
that is a symmetric function of nonzero off-diagonal en-
tries of ρ. Then C(ρ) is a nondecreasing function of
Cl1(ρ). If in addition it is additive, then C(ρ) = cCL(ρ)
for some constant c ≥ 0.
3FIG. 1. Common axioms that single out the l1-norm of coher-
ence, logarithmic negativity, and logarithmic sum negativity
in three prominent resource theories.
Theorem 2 (Uniqueness of the negativity). Suppose
E(ρ) is a weak entanglement monotone that is a symmet-
ric function of negative eigenvalues of ρTA . Then E(ρ)
is a nondecreasing function of N (ρ). If in addition it is
additive, then E(ρ) = cNL(ρ) for some constant c ≥ 0.
Recall that a weak monotone does not increase under
nonselective free operations. A function is symmetric if
it is invariant under arbitrary permutations of its argu-
ments. Here we implicitly assume that C(ρ⊗ σ) = C(ρ)
for any incoherent state σ, which can be prepared for
free; this assumption is more intuitive when C is addi-
tive. Similarly, E(ρ⊗σ) = E(ρ) for any separable state σ.
Remarkably, both the l1-norm of coherence and nega-
tivity can be uniquely characterized by such simple ax-
ioms. In addition, Theorem 1 still holds if free operations
are strictly incoherent. We note that a similar unique-
ness theorem has been established for the sum negativity
in the resource theory of magic-state quantum computa-
tion [34]. Our two theorems share the same spirit with
Theorem 6 in Ref. [34]. The proof of Theorem 1 is con-
siderably more involved and is relegated to Appendix A;
Theorem 2 can be proved following this proof (Lemma 2
in Appendix A in particular). Although the logarithmic
sum negativity (referred to as mana in Ref. [34]) was not
uniquely characterized as in Theorems 1 and 2 previously,
the analogous result follows from a similar argument that
underpins Theorem 1.
IV. A TIGHT INEQUALITY BETWEEN THE
l1-NORM OF COHERENCE AND NEGATIVITY
In this section, we show that the l1-norm of coherence
is an upper bound for the negativity and determine all
states that saturate this bound, which lead to an inter-
esting generalization of maximally correlated states [45].
The structure and entanglement properties of these states
are discussed in detail.
The following theorem clarifies the relation between
N (ρ) and Cl1(ρ) for bipartite states; see Appendix B for
a proof.
Theorem 3. Any bipartite state ρ on HA⊗HB satisfies
N (ρ) ≤ Cl1(ρ). The inequality is saturated iff ρTA has
the form
ρTA =
∑
jk
ajk|jk〉〈π(jk)|, (4)
where π is a product of disjoint transpositions. We may
assume that π(jk) = jk whenever ajk = 0; each transpo-
sition (jk, j′k′) satisfies j 6= j′ and k 6= k′; in addition,
jk′ and j′k are fixed points of π when (jk, j′k′) is such a
transposition.
Recall that a transposition is a special permutation
that interchanges two elements, while leaving others in-
variant. A quantum state ρ is a pairing state if it sat-
urates the inequality N (ρ) ≤ Cl1(UρU †) for some local
unitary U = UA ⊗ UB. It is a canonical pairing state if
in addition U is the identity, so that ρTA has the form
of Eq. (4). Here the terminology originates from the fact
that every transposition is determined by a pair of basis
states, and vice versa. Theorem 3 demands that pairing
is monogamous; that is, every basis state can be paired
with at most one other basis state. Moreover, some basis
states must remain as bachelors.
To clarify the structure of pairing states, given a Her-
mitian operator M acting on HA ⊗ HB, define N0(M)
as the number of negative eigenvalues of MTA ; define
Cl0(M) as the number of nonzero off-diagonal entries.
The following proposition is proved in Appendix D.
Proposition 1. Any state ρ satisfies Cl0(ρ) ≥ 2N0(ρ).
When ρ is a pairing state, N0(ρ) will be referred to as
the pairing number. According to Theorem 3 and Propo-
sition 1, N0(ρ) is equal to the minimum of Cl0(ρ) under
local unitary transformations. If ρ is a canonical pairing
state as in Eq. (4), then N0(ρ) = Cl0(ρ)/2 is equal to
the number of transpositions in the disjoint cycle decom-
position of π. A pairing state is entangled iff its pairing
number is nonzero and is thus negative partial transpose
(NPT). Actually, we have a stronger conclusion, as shown
in the following theorem and proved in Appendix E.
Theorem 4. Any entangled pairing state ρ is NPT and
distillable.
A family of lower bounds for the distillable entangle-
ment of pairing states is provided in Appendix J.
Pairing states are interesting for many other reasons.
Theorem 5. The asymptotic exact PPT entanglement
cost EPPT(ρ) of any pairing state ρ is equal to the loga-
rithmic negativity, that is, EPPT(ρ) = NL(ρ).
4Proof. Without loss of generality, we may assume that
ρ is a canonical pairing state, which has the form of
Eq. (4). Then |ρTA | = ∑jk |ajk|(|jk〉〈jk|) is diagonal,
so that |ρTA |TA = |ρTA | is positive semidefinite, which
implies the theorem according to Ref. [28].
Proposition 2. Any pairing state ρ satisfies Er(ρ) ≤
ERL(ρ) ≤ NL(ρ), where Er(ρ) and ERL(ρ) are the rela-
tive entropy of entanglement and logarithmic robustness
of entanglement.
Proof. The first inequality applies to all states [51]. To
prove the second one, we may assume that ρ is a canon-
ical pairing state as in Eq. (4), so that Cl1(ρ) = N (ρ).
Now the conclusion follows from the following inequality
ER(ρ) ≤ CR(ρ) ≤ Cl1(ρ) [23, 24].
Pairing states include all bipartite pure states and
maximally correlated states. Any bipartite pure state
with Schmidt rank r is a pairing state with pairing num-
ber r(r − 1)/2. A canonical maximally correlated state
[3, 45, 52] has the form
ρMC :=
∑
r,s=0
crs|jrkr〉〈jsks|, (5)
where js 6= jr and ks 6= kr whenever s 6= r. Note that
N (ρMC) = Cl1(ρMC) =
∑
r 6=s |crs|. A maximally corre-
lated state is any state that is equivalent to ρMC under a
local unitary transformation. Here our definition is more
general than the definition in some literature [45, 51, 53].
In general, pairing states do not have to be maximally
correlated. Nevertheless, those with the maximal pairing
number are when dim(HA) = dim(HB). The following
theorem is proved in Appendix F.
Theorem 6. Let ρ be a pairing state on HA⊗HB with
dA := dim(HA) = dim(HB). Then the pairing number
of ρ is at most dA(dA − 1)/2, and the upper bound is
saturated only if ρ is maximally correlated.
Corollary 1. A two-qubit state ρ is a canonical pairing
state iff it is diagonal or canonically maximally corre-
lated.
Corollary 2. A bipartite state ρ on HA ⊗ HB with
dim(HA) = 2 is a canonical pairing state iff ρ has the
form
ρ =
t⊕
j≥0
pjρj, (6)
where t ≤ dim(HB)/2, pj ≥ 0,
∑
j pj = 1, trA(ρj) have
mutually orthogonal supports, ρ0 is diagonal, and ρj for
each j ≥ 1 is a canonical maximally correlated state.
Corollary 1 is an immediate consequence of Theorems 3
and 6. It is a special case of Corollary 2, which is proved
in Appendix G. Remarkably, several key entanglement
(coherence) measures of the canonical pairing state in
Eq. (6) can be computed explicitly. Note that the distill-
able coherence CD and coherence cost CC are equal to the
relative entropy of coherence Cr and coherence of forma-
tion CF, respectively [3], while the counterparts ED and
EC for entanglement are in general very difficult to com-
pute. The following theorem is proved in Appendix H.
Theorem 7. The distillable entanglement ED (coher-
ence CD) and entanglement cost EC (coherence cost CC)
of the canonical pairing state ρ in Eq. (6) read
CD(ρ) = Cr(ρ) = ED(ρ) =Er(ρ) = S(ρ
diag)− S(ρ), (7)
CC(ρ) = CF(ρ) = EC(ρ) =EF(ρ) =
∑
j
pjEF(ρj), (8)
where ρdiag is the diagonal matrix with the same diagonal
as ρ and EF(ρj) = H
( 1+√1−N (ρj)2
2
)
with binary entropy
function H(x) := −x log x− (1 − x) log(1 − x).
V. OPERATIONAL CONNECTION BETWEEN
THE l1-NORM OF COHERENCE AND
NEGATIVITY
Recently Streltsov et al. introduced a general frame-
work for constructing coherence measures based on the
maximum entanglement produced by incoherent opera-
tions acting on the system and an incoherent ancilla [52].
More precisely, given any entanglement measure E, one
can define a coherence measure CE as follows,
CE(ρ) := lim
dA→∞
{
sup
Λi
E (Λi [ρ⊗ |0〉〈0|])
}
. (9)
Here dA denotes the dimension of the ancilla, and the
supremum is over all operations Λi that are incoherent. It
turns out that CE(ρ) coincides with the relative entropy
of coherence when E is the relative entropy of entangle-
ment [52]. Moreover, a one-to-one mapping can be es-
tablished between coherence measures and entanglement
measures that are based on the convex roof [53]. How-
ever, the situation is not clear for many other induced
coherence measures.
Here we are interested in the coherence measure in-
duced from the negativity
CN (ρ) := lim
dA→∞
{
sup
Λi
N (Λi [ρ⊗ |0〉〈0|])
}
(10)
and the analog CNL(ρ) from the logarithmic negativity.
Theorem 8.
CN (ρ) = Cl1(ρ) ∀ρ, (11)
CNL(ρ) = CL(ρ) = log(1 + Cl1(ρ)) ∀ρ. (12)
Theorem 8 offers an operational interpretation of the
l1-norm of coherence as the maximum entanglement,
5measured by the negativity, produced by incoherent oper-
ations acting on the system and an incoherent ancilla. A
similar interpretation applies to the logarithmic l1-norm
of coherence. Compared with known connections be-
tween the l1-norm of coherence and negativity, the one es-
tablished here is much more precise. In addition, Eq. (11)
still holds if Cl1 and N are replaced by their respective
convex roofs Cˆl1 and Nˆ according to Ref. [53], that is,
CNˆ (ρ) = Cˆl1(ρ). Similarly, CNˆL(ρ) = CˆL. These results
further corroborate the strong connections between the
l1-norm of coherence and negativity.
Proof. Note that Eq. (12) is a direct consequence of
Eq. (11), so it suffices to prove Eq. (11). The inequality
CN (ρ) ≤ Cl1(ρ) follows from the equation
N (Λi [ρ⊗ |0〉〈0|]) ≤ Cl1 (Λi [ρ⊗ |0〉〈0|])
≤ Cl1 (ρ⊗ |0〉〈0|) = Cl1(ρ) (13)
for any incoherent operation Λi, where the two inequali-
ties follow from Theorem 3 and the monotonicity of Cl1 ,
respectively.
To prove the converse inequality CN (ρ) ≥ Cl1(ρ), as-
sume that the ancilla has the same dimension as the sys-
tem under consideration, so we can construct the gener-
alized CNOT gate UCN|jk〉 = |j(j+ k)〉, which is strictly
incoherent. Given ρ =
∑
jk ρjk|j〉〈k|, the state
ρ˜MC := UCN (ρ⊗ |0〉〈0|)U †CN =
∑
jk
ρjk|jj〉〈kk| (14)
is canonically maximally correlated. Since N (ρ˜MC) =
Cl1(ρ˜MC) = Cl1(ρ), we conclude that CN (ρ) ≥ Cl1(ρ),
which confirms Eq. (11) given the opposite inequality.
VI. SUMMARY
We proposed an axiomatic characterization of the l1-
norm of coherence, which reveals a precise analogy to
the negativity in entanglement theory and the sum neg-
ativity in the resource theory of magic-state quantum
computation. In addition, we provided an operational
interpretation of the l1-norm of coherence as the maxi-
mum entanglement, measured by the negativity, created
by (strictly) incoherent operations acting on the system
and an incoherent ancilla. Similar interpretations apply
to the logarithmic l1-norm of coherence and its convex
roof. In the course of study, we clarified the relation be-
tween the l1-norm of coherence and negativity for bipar-
tite states. We also proposed pairing states as a gener-
alization of maximally correlated states and as a bridge
for connecting coherence theory and entanglement the-
ory. Surprisingly, the asymptotic exact PPT entangle-
ment cost of any pairing state is equal to the logarithmic
negativity. Moreover, entangled pairing states are dis-
tillable, and their entanglement cost and distillable en-
tanglement can be computed explicitly for a qubit-qudit
system.
Our study not only clarified the meaning of the l1-
norm of coherence, but also provided a unified perspec-
tive for understanding three prominent resource theories,
namely, entanglement, coherence, and magic-state quan-
tum computation, which are of interest to a wide spec-
trum of researchers.
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APPENDIX
In this appendix, we prove Theorems 1, 3, 4, 6, 7,
Proposition 1, and Corollary 2 in the main text. In order
to prove Theorem 3, we show that the l1-norm is an upper
bound for the trace norm and determine the condition for
saturating this bound. In addition, we provide additional
examples and nonexamples of pairing states and derive
a family of lower bounds for the distillable entanglement
of pairing states.
Appendix A: Proof of Theorem 1
Theorem 1 is an immediate consequence of Lemmas 1
and 2 below.
Lemma 1. Suppose C(ρ) is a continuous weak coher-
ence monotone that is a symmetric function of nonzero
off-diagonal entries of ρ. Then C(ρ) is a symmetric func-
tion of the absolute values of nonzero off-diagonal entries
of ρ.
Remark 1. According to the following proof, the as-
sumption in Lemma 1 actually can be relaxed as follows:
C(ρ) is a continuous symmetric function of nonzero off-
diagonal entries of ρ that is invariant under incoherent
unitary transformations and satisfies C(ρ ⊗ σ) = C(ρ)
whenever σ is an incoherent state.
Remark 2. Given a density matrix ρ =
∑
jk ρjk|j〉〈k|,
the operator τ(ρ) :=
∑
jk |ρjk|(|j〉〈k|) is not necessarily
6positive semidefinite. One counterexample is
ρ =̂
1
4


1 a 0 −a
a 1 a 0
0 a 1 a
−a 0 a 1

 , τ(ρ) =̂ 1
4


1 a 0 a
a 1 a 0
0 a 1 a
a 0 a 1

 , (A1)
where a = 1√
2
. Note that ρ has eigenvalues 12 ,
1
2 , 0, 0,
while τ has eigenvalues 14 (1 ±
√
2), 14 ,
1
4 .
In Lemma 1 we do not assume that the monotone C is
also defined at τ(ρ) given a density matrix ρ except when
τ(ρ) is positive semidefinite. In addition, the following
proof does not resort to τ(ρ), but converts ρ to another
density matrix.
Proof. To prove Lemma 1, we need to prove the equality
C(ρ˜) = C(ρ) whenever the set of absolute values of off-
diagonal entries of ρ˜ is the same as that of ρ given any
pair of density matrices ρ and ρ˜. We may assume that
ρ and ρ˜ act on the d-dimensional Hilbert space H with
d ≥ 2, so that Cl1(ρ˜) = Cl1(ρ) ≤ d− 1 [2, 4].
Since C(ρ) is continuous, without loss of generality, we
may assume that all phase factors ρjk/|ρjk| are Lth roots
of unity for some positive integer L, that is,
ρjk = |ρjk|e2piimjk/L, (A2)
where mjk are integers. When ρjk = 0, the value of
ρjk/|ρjk| is irrelevant to the following discussion. Simi-
larly, we assume that all ρ˜jk/|ρ˜jk| are L˜th roots of unity.
To prove the lemma, we shall construct a quantum state
that has the same coherence measure as both ρ and ρ˜.
Let K be the smallest integer that is divisible by L, L˜
and satisfies K ≥ 2d. Let ω = e2pii/K be a primitive Kth
root of unity. Define G as the group composed of all d×d
diagonal matrices whose diagonal entries are Kth roots
of unity (that is, integer powers of ω). Note that G has
order Kd. Define
ρ2 :=
1
Kd
UG(1Kd ⊗ ρ)U †G, (A3)
where 1Kd denotes the identity on the K
d-dimensional
Hilbert space and
UG :=
⊕
U∈G
U. (A4)
Then C(ρ2) = C(ρ) given that 1Kd/K
d is an incoherent
density matrix and UG is a diagonal incoherent unitary.
Moreover, ρ2 has off-diagonal entry |ρjk|ωa/Kd with mul-
tiplicity Kd−1 for each j, k = 0, 1, . . . , d − 1 with j 6= k
and a = 0, 1, . . . ,K − 1.
Define
|ψ〉 := 1√
K
K−1∑
a=0
ωa|a〉, |ϕ〉 := 1√
K
K−1∑
a=0
|a〉. (A5)
Note that |ψ〉〈ψ| has K off-diagonal entries equal to
ωa/K for each a = 1, 2. . . . ,K−1. In addition, |ψ〉 can be
mapped to |ϕ〉 by the diagonal incoherent unitary trans-
formation
V :=
K−1∑
a=0
ω−a|a〉〈a|. (A6)
In order to construct the desired density matrix, we
need to introduce the positive operator
M :=
1
Kd−1
⊕
j<k
|ρjk|(M1 ⊕M2 ⊕M3), (A7)
with
M1 := 12Kd−2 ⊗ (|ψ〉〈ψ|),
M2 := 1 2(Kd−2−1)
K−1
⊗ (|ϕ〉〈ϕ|),
M3 :=
1
K
1K ⊗ (|0〉〈0|+ |0〉〈1|+ |1〉〈0|+ |1〉〈1|).
(A8)
When all ρjk are nonzero, M acts on a Hilbert space of
dimension
d(d− 1)
(
Kd−1 +
K(Kd−2 − 1)
K − 1 +K
)
, (A9)
and it has rank
d(d− 1)
(
Kd−2 +
Kd−2 − 1
K − 1 +
K
2
)
. (A10)
In general, the trace of M is upper bounded by 1 accord-
ing to the following equation
tr(M) =
(
1
K
+
Kd−2 − 1
(K − 1)Kd−1 +
1
Kd−1
)∑
jk
|ρjk|
=
(
1
K
+
Kd−2 − 1
(K − 1)Kd−1 +
1
Kd−1
)
Cl1(ρ)
≤
(
1
K
+
Kd−2 − 1
(K − 1)Kd−1 +
1
Kd−1
)
(d− 1) < 1,
(A11)
where we have employed the inequality Cl1(ρ) ≤ d − 1
[2, 4] as well as the assumptions d ≥ 2 and K ≥ 2d.
Calculation shows that the set of off-diagonal entries
of M is the same as that of ρ2. To verify this claim,
here we assume that all ρjk with j < k have different
nonzero absolute values, although this assumption is not
essential. Note that every nonzero off-diagonal entry of
ρ2 is equal to |ρjk|ωa/Kd for a = 0, 1, . . . ,K − 1 and
j, k = 0, 1, . . . , d− 1 with j < k. The same is true for M .
In addition, the number of off-diagonal entries of ρ2 that
are equal to |ρjk|ωa/Kd for given j, k, a is 2Kd−1 (note
that |ρjk| = |ρkj |). The counterpart for M is
2(Kd−2 − 1)
K − 1 ×K(K − 1) + 2K = 2K
d−1 (A12)
when a = 0 and
2Kd−2 ×K = 2Kd−1 (A13)
7when a = 1, 2, . . . ,K−1. The numbers are equal in both
cases, from which our claim follows.
Define the density matrix
ρ3 := M ⊕ (1− trM). (A14)
Then the set of off-diagonal entries of ρ3 is the same as
that of M and that of ρ2. It follows from the assumption
that C(ρ3) = C(ρ2) = C(ρ).
Now we are ready to construct the desired density ma-
trix. Let
M ′1 := 12Kd−2 ⊗ (|ϕ〉〈ϕ|),
M ′ :=
1
Kd−1
⊕
j<k
|ρjk|(M ′1 ⊕M2 ⊕M3),
ρ4 := M
′ ⊕ (1 − trM ′).
(A15)
Then ρ4 and ρ3 can be mapped to each other by a diago-
nal unitary transformation given that |ψ〉 and ϕ〉 can be
mapped to each other by the diagonal unitary V and that
trM = trM ′. Incidentally, each matrix element of ρ4 is
the absolute value of the corresponding matrix element
of ρ3. Therefore, C(ρ4) = C(ρ3) = C(ρ2) = C(ρ).
By the same reasoning, we have C(ρ4) = C(ρ˜), given
that the set of absolute values of off-diagonal entries of
ρ˜ is the same as that of ρ. It follows that C(ρ˜) = C(ρ),
which completes the proof of the lemma.
Lemma 2. Suppose C(ρ) is a weak coherence mono-
tone that is a symmetric function of the absolute values
of nonzero off-diagonal entries of ρ. Then C(ρ) is a non-
decreasing function of Cl1(ρ). If in addition it is additive,
then C(ρ) = cCL(ρ) for some constant c ≥ 0.
Remark 3. The continuity assumption appearing in
Lemma 1 is not required in Lemma 2.
Proof. Let ρ and ρ˜ be two arbitrary quantum states that
satisfy Cl1(ρ) = Cl1(ρ˜). If Cl1(ρ) = 0, then ρ, ρ˜ have no
nonzero off-diagonal entries, so C(ρ) = C(ρ˜) by assump-
tion. Otherwise, suppose the absolute values of nonzero
off-diagonal entries of ρ are given by a0, a1, . . . ar, and
those of ρ˜ are given by b0, b1, . . . bs. Let
σ =̂
1
Cl1(ρ)
diag(a0, a1, . . . ar),
σ˜ =̂
1
Cl1(ρ)
diag(b0, b1, . . . bs);
(A16)
then σ, σ˜ represent incoherent quantum states. In addi-
tion, the set of absolute values of nonzero off-diagonal
entries of ρ ⊗ σ˜ is the same as that of ρ˜ ⊗ σ. Therefore,
C(ρ ⊗ σ˜) = C(ρ˜ ⊗ σ) by assumption, which further im-
plies that C(ρ) = C(ρ˜) given that σ, σ˜ are incoherent.
This conclusion shows that C(ρ) is a function of Cl1(ρ)
and thus also a function of CL(ρ).
Suppose Cl1(ρ˜) ≥ Cl1(ρ), then we can find a state σ′
such that Cl1(ρ ⊗ σ′) = Cl1(ρ˜) ≥ Cl1(ρ). It follows that
C(ρ˜) = C(ρ ⊗ σ′) ≥ C(ρ), given that C is a function of
Cl1 and that it is monotonic under incoherent operations.
Therefore, C(ρ) is a nondecreasing function of Cl1(ρ).
If C is also additive, then C(ρ⊗k) = kC(ρ) for any ρ
and any positive integer k, which implies that C(ρ) ≥ 0.
If ρ is incoherent, then we have 2C(ρ) = C(ρ⊗2) = C(ρ),
which implies that C(ρ) = 0. Choose a density matrix
ρ¯ with CL(ρ¯) = 1; if C is not identically zero, multiply
C by a positive constant if necessary, we may assume
that C(ρ¯) = 1. Consequently C(ρ¯⊗k) = k = CL(ρ¯⊗k).
Therefore, C(ρ) = CL(ρ) whenever CL(ρ) is an integer.
Given any positive rational number n/m as the ratio of
two positive integers, we can construct a quantum state
̺ with CL(̺) = n/m, so that CL(̺
⊗m) = n. There-
fore, mC(̺) = C(̺⊗m) = CL(̺⊗m) = n. It follows that
C(ρ) = CL(ρ) whenever CL(ρ) is a rational number. Fi-
nally, the restriction to the set of rational numbers can
be eliminated given that C(ρ) is nondecreasing in CL(ρ)
and coincides with the latter on a dense subset of the
ray of nonnegative real numbers. Interestingly, C is au-
tomatically continuous and strongly monotonic given the
extra additivity assumption. This observation completes
the proof of Lemma 2.
Appendix B: Proof of Theorem 3
Proof. The bound N (ρ) ≤ Cl1(ρ) follows from the equa-
tion below,
N (ρ) + 1 = tr |ρTA | = ‖ρTA‖1 ≤ ‖ρTA‖l1 = ‖ρ‖l1
= Cl1(ρ) + 1, (B1)
where the inequality follows from Lemma 3 in Ap-
pendix C.
Suppose ρTA has the form in Eq. (4) as reproduced
here,
ρTA =
∑
jk
ajk|jk〉〈π(jk)|, (B2)
where π is a product of disjoint transpositions. In addi-
tion, π(jk) = jk whenever ajk = 0; each transposition
(jk, j′k′) satisfies j 6= j′ and k 6= k′; meanwhile, jk′ and
j′k are fixed points of π when (jk, j′k′) is such a trans-
position. Then the inequality N (ρ) ≤ Cl1(ρ) is saturated
according to Lemma 3, which can also be verified directly.
Conversely, suppose N (ρ) = Cl1(ρ); then we have
‖ρTA‖1 = ‖ρTA‖l1 , so that ρTA has the form in Eq. (4)
according to Lemma 3, where π is a permutation. If
ajk = 0, then all entries of ρ
TA in the row labeled by
jk are zero, and so are all entries in the column labeled
by jk, given that ρ and ρTA are Hermitian. Therefore,
we may assume π(jk) = jk without loss of generality.
Let τ be the restriction of π on those basis states with
ajk 6= 0. Recall that every permutation can be written as
a product of disjoint cycles. If τ has a cycle of length at
least 3, then ρTA cannot be Hermitian. Therefore, each
cycle in the disjoint cycle decomposition has length at
8most 2; in other words, τ is a product of disjoint trans-
positions (including the identity, which corresponds to no
transposition), and the same holds for π.
Suppose (jk, j′k′) is a transposition in the disjoint cy-
cle decomposition of τ . Then aj′k′ = a
∗
jk 6= 0, and ρTA
has the form
ρTA = ajk|jk〉〈j′k′|+ a∗jk|j′k′〉〈jk|+M, (B3)
where M is a Hermitian operator whose support is or-
thogonal to |jk〉 and |j′k′〉. Therefore,
tr[ρ(|jk′〉〈j′k|)] = tr[ρTA(|j′k′〉〈jk|)] = ajk 6= 0, (B4)
which implies that 〈j′k|ρTA |j′k〉 = 〈j′k|ρ|j′k〉 > 0 given
that ρ is positive semidefinite. Consequently, aj′k > 0
and τ(j′k) = j′k; by the same token ajk′ > 0 and
τ(jk′) = jk′. In particular, jk′ and j′k are fixed points of
τ . If j = j′ or k = k′, then τ(jk) = jk, which contradicts
the assumption that τ exchanges jk and j′k′. Therefore,
j 6= j′ and k 6= k′ whenever (jk, j′k′) is a transposition
in the disjoint cycle decomposition of τ or π.
Appendix C: Connection between the trace norm
and l1-norm
Here we prove that the l1-norm is an upper bound for
the trace norm and determine the condition for saturat-
ing this bound. This result is needed to prove Theorem 3.
Lemma 3. Every matrix X satisfies ‖X‖1 ≤ ‖X‖l1;
the inequality is saturated iff X has the following form
X =
∑
j
sj |j〉〈π(j)|, (C1)
where sj are complex numbers, and π is a permutation.
Note that the permutation π in Eq. (C1) may be sub-
jected to additional constraints so as to comply with the
numbers of rows and columns of X . The equality con-
dition in Eq. (C1) is closely related to the singular-value
decomposition of X . After deriving Lemma 3, we re-
alized that the inequality ‖X‖1 ≤ ‖X‖l1 follows from
Theorem 3.32 in Ref. [54], but the equality condition has
not been discussed before as far as we know.
Proof. Our proof is based on the theory of majoriza-
tion [53, 55–57]. Let x = (x0, x1, . . . , xd−1)T and y =
(y0, y1, . . . , yd−1)T be two d-dimensional real vectors.
The vector x is majorized by y if
k∑
j=0
x↓j ≤
k∑
j=0
y↓j ∀k = 0, 1, . . . , d− 1, (C2)
and the inequality is saturated when k = d − 1. Here
x↓ is constructed from x by arranging its components in
decreasing order. This relation is written as x ≺ y or
y ≻ x henceforth. It can also be defined for vectors of
different dimensions, in which case we implicitly add a
number of “0” to the vector with few components so as
to match the other vector.
Suppose X =
∑
j,kXjk|j〉〈k|. Define column vectors
u = (|Xjk|2)jk, v = diag(X†X), and w = eig(X†X),
where eig(X†X) denotes the vector composed of the
eigenvalues of X†X . Then it is straightforward to verify
that
u ≺ v ≺ w, (C3)
where the second inequality is well known in matrix anal-
ysis [56]. Consequently,
‖X‖1 =
∑
j
√
wj ≤
∑
j
√
vj ≤
∑
jk
√
ujk
=
∑
jk
|Xjk| = ‖X‖l1. (C4)
Here the two inequalities follow from Eq. (C3) and the
fact that the function
∑
j
√
wj is Schur concave in w.
Actually, the function is strictly Schur concave, so w ≃
v ≃ u whenever the two inequalities are saturated, which
amounts to the equality ‖X‖1 = ‖X‖l1. Here v ≃ u
means v ≺ u and u ≺ v; that is, u and v have the same
nonzero components up to a permutation. In that case,
the number of nonzero entries ofX is equal to the number
of nonzero singular values, that is, the rank of X . In
addition, each row of X has at most one nonzero entry,
and so does each column. Consequently, X has the form
of Eq. (C1), in which case the inequality ‖X‖1 ≤ ‖X‖l1
is indeed saturated.
1. Alternative proof of the inequality ‖X‖1 ≤ ‖X‖l1
Proof. Let X =
∑
j sj |uj〉〈vj | be the singular-value de-
composition of X , where sj > 0 are singular values of X ,
|uj〉 are orthonormal, and so are |vj〉. Then
‖X‖1 =
∑
j
sj =
∑
j
|〈uj |X |vj〉| =
∑
j
∣∣∣∣∑
k,l
u∗jkXklvjl
∣∣∣∣
≤
∑
j,k,l
|Xkl||u∗jkvjl| ≤
1
2
∑
j,k,l
|Xkl|
(|ujk|2 + |vjl|2)
≤
∑
k,l
|Xkl| = ‖X‖l1. (C5)
Here the third inequality follows from the fact that∑
j |ujk|2 ≤ 1 and
∑
j |vjl|2 ≤ 1, given that |uj〉 and
|vj〉 are respectively orthonormal.
Appendix D: Proof of Proposition 1
Proof. Note that Cl0(ρ
TA) = Cl0(ρ) is an even number
and that the diagonal entries of ρTA are nonnegative. Let
9r = Cl0(ρ)/2, then ρ
TA can be written as follows
ρTA = M0 +
r∑
j=1
Mj , (D1)
where M0 is diagonal and positive semidefinite, while
each Mj for j = 1, 2, . . . , r is a Hermitian matrix with
rank 2 and one negative eigenvalue. Therefore, ρTA has
at most r negative eigenvalues, which implies the desired
inequality Cl0(ρ) ≥ 2N0(ρ).
Appendix E: Proof of Theorem 4
Proof. Suppose ρ is an entangled pairing state, which has
the form of Eq. (4). Then ρ cannot be diagonal and is
thus NPT according to Theorem 3. Suppose (jk, j′k′) is
a transposition in the disjoint cycle decomposition of π.
Then j 6= j′, k 6= k′, aj′k′ = a∗jk 6= 0, aj′kajk′ 6= 0, and
ρTA = ajk|jk〉〈j′k′|+ a∗jk|j′k′〉〈jk|
+ aj′k|j′k〉〈j′k|+ ajk′ |jk′〉〈jk′|+M, (E1)
where M is a Hermitian operator whose support is or-
thogonal to the four kets |jk〉, |jk′〉, |j′k〉, and |j′k′〉;
cf. the proof of Theorem 3. Let
P = (|j〉〈j| + |j′〉〈j′|)⊗ (|k〉〈k|+ |k′〉〈k′|) (E2)
be a local projector. Then
(PρP )TA = PρTAP = ajk|jk〉〈j′k′|+ a∗jk|j′k′〉〈jk|
+ aj′k|j′k〉〈j′k|+ ajk′ |jk′〉〈jk′|, (E3)
so PρP is a subnormalized two-qubit entangled maxi-
mally correlated state, which is distillable according to
Refs. [45, 58]. It follows that any entangled pairing state
is both NPT and distillable.
Appendix F: Proof of Theorem 6
Proof. Note that ρ and ρTA have the same numbers of
nonzero diagonal entries and off-diagonal entries. Sup-
pose ρ is a canonical pairing state with pairing numberm
(without loss of generality). Then both ρ and ρTA have
2m nonzero off-diagonal entries; meanwhile, the num-
ber of nonzero entries is at most d2A according to Theo-
rem 3. Suppose ρ has n nonzero diagonal entries. Then
2m ≤ n(n − 1) and 2m + n ≤ d2A, which imply that
m ≤ dA(dA − 1)/2. If the inequality is saturated, then
n = dA, and ρ has the following form
ρ =
dA−1∑
r,s=0
crs|jrkr〉〈jsks|, (F1)
where crs 6= 0 for all r, s, and (js, ks) 6= (jr, kr) whenever
s 6= r. Now Theorem 3 further implies that js 6= jr
and ks 6= kr whenever s 6= r, so that ρ is a canonical
maximally correlated state.
Appendix G: Proof of Corollary 2
Proof. If ρ is given in Eq. (6), then ρTA =
⊕t
j≥0 pjρ
TA
j ,
so that N (ρ) =∑j pjN (ρj) =∑j pjCl1(ρj) = Cl1(ρ).
If ρ is a canonical pairing state, which saturates the in-
equality N (ρ) = Cl1(ρ), then ρ can be written as follows
according to Theorem 3,
ρTA =
∑
s
(
as|0js〉〈0js|+ bs|0ks〉〈1js|+ b∗s|1js〉〈0ks|
+ cs|1ks〉〈1ks|
)
+
∑
r
(
a′r|0j′r〉〈0j′r|+ c′r|1k′r〉〈1k′r|
)
,
(G1)
where all js, ks, j
′
r, k
′
r are distinct. Therefore, ρ has the
form of Eq. (6) with constraints as specified.
Corollary 2 fails when dim(HA) ≥ 3. One counterex-
ample is
ρ =
1
4
(|02〉〈02|+ |20〉〈20|+ |ψ〉〈ψ|+ |ϕ〉〈ϕ|), (G2)
where |ψ〉 = (|00〉+ |11〉)/√2 and |ϕ〉 = (|11〉+ |22〉)/√2.
Appendix H: Proof of Theorem 7
Suppose ρ is a canonical pairing state on HA ⊗ HB,
which has the form of Eq. (6). Let n be an arbitrary pos-
itive integer and ρ˜ an arbitrary bipartite state shared by
Alice and Bob. Then Theorem 7 follows from Eqs. (H1)
to (H6) below.
Er(ρ) = Cr(ρ) = S(ρ
diag)− S(ρ), (H1)
E∞r (ρ) =
1
n
Er(ρ
⊗n) = Er(ρ), (H2)
CD(ρ) = ED(ρ) = Er(ρ), (H3)
CF(ρ) = EF(ρ) =
∑
j
pjEF(ρj)
=
∑
j
pjH
(1 +√1−N (ρj)2
2
)
, (H4)
CC(ρ) = EC(ρ) =
1
n
EF(ρ
⊗n) = EF(ρ), (H5)
EF(ρ⊗ ρ˜) = EF(ρ) + EF(ρ˜). (H6)
Here ρdiag is the diagonal matrix with the same diagonal
as ρ. Note that the formula Cr(ρ) = S(ρ
diag) − S(ρ)
applies to all quantum states [2]. In addition,
E∞r (ρ) := lim
k→∞
1
k
Er(ρ
⊗k), EC(ρ) := lim
k→∞
1
k
EF(ρ
⊗k),
(H7)
where E∞r (ρ) is known as the regularized relative entropy
of entanglement.
If the parameter p0 characterizing ρ in Eq. (6) van-
ishes, then ρ is a direct sum of maximally correlated
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states, so that S(ρdiag) = S(ρB), where ρB = trA(ρ).
Consequently,
CD(ρ) = Cr(ρ) = ED(ρ) = Er(ρ) = S(ρB)− S(ρ). (H8)
This formula has the same form as that for a canonical
maximally correlated state. Recall that any canonical
maximally correlated state σ satisfies [3, 45, 51, 59, 60]
CD(σ) =Cr(σ) = ED(σ) = Er(σ) = S(σB)− S(σ),
(H9)
CC(σ) =CF(σ) = EC(σ) = EF(σ). (H10)
Before proving Eqs. (H1) to (H6), we recall that the
three entanglement measures Er, EF, ED do not increase
on average under selective LOCC. Meanwhile, Er, EF, EC
are convex [61, 62]. By contrast, the coherence measures
CD = Cr and CC = CF are convex and additive, and do
not increase on average under selective incoherent oper-
ations [1–3]. All eight entanglement and coherence mea-
sures mentioned above are additive for maximally corre-
lated states.
Proof of Eq. (H1). Suppose the density matrix ρ has the
form of Eq. (6). Denote by P˜j for j > 0 the projector
onto the support of trA(ρj), which has rank at most 2.
Let P˜0 = 1B −
∑
j>0 P˜j , where 1B denotes the identity
on HB. Let Pj = 1A⊗ P˜j for j ≥ 0. Then the completely
positive trace-preserving (CPTP) map defined by the set
of Kraus operators {Pj} is local and also incoherent. This
map turns ρ into ρj with probability pj . Therefore,
Er(ρ) ≥
∑
j
pjEr(ρj), (H11)
because Er does not increase on average under LOCC.
On the other hand, the convexity of Er implies that
Er(ρ) ≤
∑
j
pjEr(ρj). (H12)
The above reasoning still applies if Er is replaced by Cr.
In conjunction with Eq. (H9), we deduce that
Er(ρ) =
∑
j
pjEr(ρj) =
∑
j
pjCr(ρj) = Cr(ρ)
= S(ρdiag)− S(ρ), (H13)
where the last equality applies to all quantum states [2,
4]. This conclusion confirms Eq. (H1).
Proof of Eq. (H2). To prove Eq. (H2), it suffices to prove
the equality Er(ρ
⊗n) = nEr(ρ). To simplify the notation,
here we illustrate the argument in the case n = 2, which
admits straightforward generalization.
Er(ρ
⊗2) = Er
(∑
j1,j2
pj1pj2ρj1 ⊗ ρj2
)
=
∑
j1,j2
pj1pj2Er(ρj1 ⊗ ρj2)
=
∑
j1,j2
pj1pj2 [Er(ρj1) + Er(ρj2)] = 2Er(ρ). (H14)
Here the second equality follows from a similar reason-
ing that leads to Eq. (H13). The third equality follows
from the fact that ρj is either maximally correlated or
separable and that the relative entropy of entanglement
is additive for maximally correlated states [45, 51].
Proof of Eq. (H3). By the same reasoning that leads to
Eq. (H11), we have
ED(ρ) ≥
∑
j
pjED(ρj) =
∑
j
pjEr(ρj) = Er(ρ), (H15)
note that ED = Er for maximally correlated states [60]
and that Er(ρ) =
∑
j pjEr(ρj) according to Eq. (H13).
Since the opposite inequality ED(ρ) ≤ Er(ρ) holds in gen-
eral, we conclude that ED(ρ) = Er(ρ). Similar reasoning
implies that CD(ρ) = Cr(ρ), which confirms Eq. (H3)
given Eq. (H1). Incidentally, the equality CD(ρ) = Cr(ρ)
holds for all quantum states according to Ref. [3].
Proof of Eq. (H4). According to a similar reasoning that
leads to Eq. (H13),
CF(ρ) = EF(ρ) =
∑
j
pjEF(ρj)
=
∑
j
pjH
(1 +√1−N (ρj)2
2
)
. (H16)
Here the last equality follows from Wootters’ formula for
the entanglement of formation of two-qubit states [63]
and the fact that the concurrence is equal to the nega-
tivity for any two-qubit maximally correlated state and
separable state.
Proof of Eq. (H5). This equation follows from a similar
argument that leads to Eq. (H2) and is also a corollary of
Eq. (H6) proved below. Note that CC = CF is additive
in general [3].
Proof of Eq. (H6). According to a similar reasoning that
leads to Eq. (H13), we have
EF(ρ⊗ ρ˜) =
∑
j
pjEF(ρj ⊗ ρ˜) =
∑
j
pj [EF(ρj) + EF(ρ˜)]
= EF(ρ) + EF(ρ˜), (H17)
where the second equality follows from Refs. [59, 64] since
each ρj is either maximally correlated or separable.
Appendix I: More examples and nonexamples of
pairing states
In this section we provide additional examples and
nonexamples of pairing states by considering mixtures
of a bipartite entangled pure state and the completely
mixed state.
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Proposition 3. Let |ψ〉 be a bipartite entangled pure
state in HA⊗HB and ρ = p|ψ〉〈ψ|+(1− p)/(dAdB) with
0 ≤ p ≤ 1. Then ρ is a pairing state iff p = 0 or p = 1.
Proof. When p = 0, ρ is the completely mixed state and
a separable pairing state. When p = 1, ρ is a bipartite
pure state, which saturates the inequality Cl1(ρ) ≤ N (ρ)
in the Schmidt basis, so ρ is also a pairing state.
When 0 < p < 1, we have
N (ρ) < pN (|ψ〉〈ψ|) ≤ pCl1(|ψ〉〈ψ|) = Cl1(ρ). (I1)
Therefore, ρ cannot be a pairing state.
Appendix J: Lower bounds for the distillable
entanglement of pairing states
Here we provide a family of lower bounds for the dis-
tillable entanglement of canonical pairing states.
Suppose ρ is a canonical pairing state that has the form
of Eq. (B2). Let A1, A2, . . . , Ak be disjoint two-element
subsets of {0, 1, . . . , dA − 1} and
Pj :=
( ∑
m∈Aj
|m〉〈m|
)
⊗ 1B, j = 1, 2, . . . , k. (J1)
Then P1, P2, . . . , Pk define a (possibly incomplete) local
projective measurement. Let
ρ˜j :=
PjρPj
pj
, pj = tr(PjρPj). (J2)
Then each ρ˜j with pj > 0 is a 2 × dB pairing state. If
ρ is entangled, then it is possible to choose at least one
subset, say A1, such that ρ˜1 is entangled.
Suppose A1, A2, . . . , Ak are chosen such that all states
ρ˜1, ρ˜2 . . . , ρ˜k are entangled. Then the distillable entan-
glement of ρ can be lower bounded as follows,
ED(ρ) ≥
k∑
j=1
pjED(ρ˜j) =
k∑
j=1
pjEr(ρ˜j)
=
k∑
j=1
pj
[
S(ρ˜diagj )− S(ρ˜j)
]
, (J3)
where the inequality follows from the monotonicity of
ED under LOCC, and the two equalities follow from
Eqs. (H3) and (H1), respectively.
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